Current data from the LHC indicate that the 125 GeV Higgs boson, H, is either the single Higgs of the Standard Model or, to a good approximation, an "aligned Higgs". We propose that H is the pseudoGoldstone dilaton of Gildener and Weinberg. We point out for the first time that this naturally and, as far as we know, uniquely accounts for its low mass and its alignment. It further implies the existence of additional Higgs bosons in the vicinity of 200-500 GeV. We illustrate our proposal in a version of the two-Higgs-doublet model of Lee and Pilaftsis and we discuss the model's observational consequences at the LHC. *
The Gildener-Weinberg mechanism for stabilizing the Higgs mass and alignment
The 125 GeV Higgs boson H discovered at the LHC in 2012 is a puzzle [1, 2] . Its known couplings to electroweak (EW) gauge bosons (W , Z and γ), gluons and fermions (τ , b and t, so far) are consistent at the 10-20% level with those predicted for the single Higgs of the Standard Model (SM) [3, 4, 5, 6] . But is that all? Why is the Higgs so light -especially in the absence of a shred of evidence for any new physics that could explain its low mass? Is naturalness a chimera?
If there are more Higgs bosons -as favored in most of the new physics proposed to account for H and a prime search topic of the ATLAS and CMS Collaborations -why are H's known couplings so SM-like? The common and attractive answer is that of Higgs alignment. In the context, e.g., of a model with several Higgs doublets,
where v i / √ 2 is the vacuum expectation value (vev) of Φ i , an aligned Higgs is a mass eigenstate given by
with v = i v 2 i = 246 GeV. Eq. (2) has the same form as the linear combination of φ ± i and a i eaten by the W ± and Z. And this H has exactly SM couplings to W , Z, γ, gluons and quarks and leptons.
To our knowledge, the first discussion of an aligned Higgs boson appeared in Ref. [7] . It was discussed there in the context of a two-Higgs-doublet model (2HDM) in the "decoupling limit" in which all the particles of one doublet are very much heavier than v, and so decouple from EW symmetry breaking. The physical scalar of the lighter doublet then necessarily has SM couplings.
There have been many discussions of Higgs alignment in the literature since Ref. [7] , including in contexts other than the decoupling limit; see, e.g., Ref. [8] . However, with only one exception, see Refs. [9, 10] , these discussions have not addressed an important theoretical question: is Higgs alignment natural, i.e., is there an approximate symmetry which protects it from large radiative corrections? It might seem that, as in Refs. [9, 10] , this is a separate naturalness question from that of the radiative stability of the Higgs mass, M H . In this paper, we shall see that they can be answered by a single symmetry -and this fact appears to have gone unappreciated for decades.
In 1973, S. Coleman and E. Weinberg (CW) [11] considered a classically scale-invariant theory of a dilaton scalar with an abelian gauge interaction, massless scalar electrodynamics. They showed that one-loop quantum corrections can fundamentally change the character of the theory by explicitly breaking the scale invariance, giving the dilaton a mass and a vev and, thereby, spontaneously breaking the gauge symmetry.
In 1976, E. Gildener and S. Weinberg (GW) [12] generalized CW to arbitrary gauge interactions with arbitrary scalar multiplets and fermions, using a formalism previously invented by S. Weinberg [13] . Despite the generality, their motivation was clearly in the context of what is now known as the Standard Model. In brief, they assumed that, due to some unspecified underlying dynamics, the scalars Φ i in their model have no mass terms nor cubic couplings and, so, the model is classically scale-invariant. 1 The quartic potential of the massless scalar fields, which are real in this notation, is (see Ref. [12] for details)
with dimensionless quartic couplings f ijkl . 2 A minimum of V 0 may or may not spontaneously break any continuous symmetries. If it does, it will also break the scale invariance resulting in a massless Goldstone boson, the dilaton. A minimum of V 0 does occur for the trivial vacuum, Φ i = 0 for all i. At this minimum, all fields are massless and scale invariance is realized in the Wigner mode. However, GW supposed that V 0 has a nontrivial minimum on the ray
where i n 2 i = 1 and φ > 0 is an arbitrary mass scale. 3 They did this by adjusting the renormalization scale to have a value Λ W so that the minimum of the real continuous function V 0 (N ) is zero on the unit sphere N i N i = 1. If this minimum is attained for a specific unit vector N i = n i , then V 0 (Φ) has this minimum value everywhere on the ray (4):
Obviously, for this to be a minimum,
and the matrix
must be positive semi-definite. Now comes the punchline: The combination Φ n = nφ is an eigenvector of P with eigenvalue zero. It is the dilaton associated with the ray (4), the flat direction of V 0 's minimum and the spontaneous breaking of scale-invariance. GW called the Higgs boson Φ n the "scalon". Massive eigenstates of P are other Higgs bosons. Any other massless scalars have to be Goldstone bosons ultimately absorbed via the Higgs mechanism. Then,à la CW, one-loop quantum corrections V 1 (Φ) can explicitly break the scale invariance, picking out a definite value φ 0 = v of φ at which V 0 + V 1 has a minimum and giving the scalon a mass. Including quantum fluctuations about this minimum,
where, with knowledge aforethought, we name the scalon H. The other Higgs bosons H i are orthogonal to H. To the extent that V 1 is not a large perturbation on the masses and mixings of the other Higgs bosons of the tree approximation, the H i are small components of Φ n .
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Thus, the scalon is an aligned Higgs boson.
5 Furthermore, the alignment of H is protected from large renormalizations in the same way that its mass is: by perturbatively small corrections to V 0 and its scale invariance. While the Higgs's alignment is apparent in the model we adopt in Sec. 2 as a concrete example [14] , this fact and its protected status are not stressed in that paper nor in any other paper referring to Ref. [12] .
From now on, we identify H with the 125 GeV Higgs boson discovered at the LHC. From the one-loop potential, i.e., first-order perturbation theory, GW obtained the following formula for M H (which we restate in the context of known elementary particles, extra Higgs scalars, and their electroweak interactions):
Here, the sum is over Higgs bosons H other than H that may exist. Because this is first-order perturbation theory, the masses on the right side are those determined in zeroth order and evaluated at the scale-invariance breaking value v of φ. For M H = 125 GeV, Eq. (9) implies the sum rule
This result has been obtained in Ref. [15] and used in Ref. [14] to constrain the masses of new scalars. So long as loop factors suppress the higher-order corrections, it should be a good indication of the mass range of additional Higgs bosons in this class of models. It is for all such extra-Higgs models that do not contain additional weak bosons or heavy fermions. Thus, the more Higgs multiplets such a scalon model has, the lighter they must be. In Sec. 2 a simple variant of a 2HDM of Lee and Pilaftsis (LP) [14] is used to illustrate the main point of this paper, namely, that the Gildener-Weinberg scalon scheme provides a Higgs boson that is naturally both light and aligned by virtue of approximate scale invariance. A sample diagonalization of the mass matrix containing H(125) and comparison with the same calculation in Ref. [14] is in the Appendix. In Sec. 3 we examine constraints on our version of the LP model from precision electroweak measurements at LEP and searches for new, extra Higgs bosons at the LHC. We find that there is much room for improvement in these searches, and we list several targets of opportunity for both establishing the model and for excluding it. A short Conclusion re-emphasizes our main points.
The Lee-Pilaftsis model
The Lee-Pilaftsis model employs two Higgs doublets, Φ 1 and Φ 2 . We impose a type-I Z 2 symmetry under which the scalar doublets and all SM fermions, left and right-handed quark and lepton fields -ψ L , ψ uR , ψ dR -transform as follows:
Thus, all fermions couple to Φ 1 only, and there are no flavor-changing neutral current interactions induced by Higgs exchange at tree level [16] . Some unknown dynamics at high energies is assumed to generate a Higgs potential that is Z 2 -invariant and classically scale-invariant, i.e., has no quadratic terms:
All five quartic couplings are real so that V 0 is CP-invariant as well. The scalars Φ 1,2 are parameterized as in Eq. (1) except that Φ 1,2 cannot have specific vevs v i at this stage. That would correspond to an explicit breaking of scale invariance, and V 0 has no such breaking.
7 V 0 does have a trivial CP and electric charge-conserving extremum at Φ 1 = Φ 2 = 0. Following GW, we ask if there is another vacuum at which V 0 vanishes, but which is nontrivial, spontaneously breaking scale invariance. There is: consider V 0 on the ray
Here φ > 0 is any real mass scale, c β = cos β and s β = sin β, where β is an angle to be determined. Then
where λ 345 = λ 3 + λ 4 + λ 5 . We require that V 0 is a minimum on this ray. The extremal ("no tadpole") conditions are
The nontrivial solutions imply
The potential V 0β = 0 if these conditions are satisfied with λ 345 = −2 √ λ 1 λ 2 . Vacuum stability of V 0 requires that λ 1 and λ 2 are positive, so that λ 345 < 0. As we see next, this guarantees that the matrices of second derivatives of V 0 on the ray (13) are positive-semidefinite, so that V 0β is indeed a minimum.
The matrices of second derivatives for the neutral CP-odd, charged and
Positivity of the nonzero masses requires
This is consistent with the convexity conditions on V 0 [14] . The minimum 8 defined by the ray in Eq. (13) has spontaneously broken scale invariance. The scalar fields, A, H ± and H , are massive and the massless CP-even scalar H = c β ρ 1 + s β ρ 2 is the dilaton associated with this breaking. It is an aligned Higgs boson, the GW scalon. The Goldstone bosons z and w ± are, of course, the longitudinal components of the EW gauge bosons Z and W ± . The minimum V 0β of V 0 is degenerate with the trivial one. The nontrivial one-loop corrections to V 0 will have a deeper minimum than the potential at zero fields [12] .
It is interesting that, at this stage, (H, w + , w − , z) are a degenerate quartet at the critical, zero-mass point for electroweak symmetry breaking. It has been suggested that, if this quartet are bound states of fermions with a new strong interaction, being close to this critical situation gives rise to nearly degenerate isovectors that are ρ-like and a 1 -like resonances and that decay, respectively and almost exclusively, to pairs of longitudinally polarized EW bosons and to a longitudinal EW boson plus the 125 GeV Higgs boson; see Refs. [17, 18, 19] for details. We speculate that, once the scale symmetry is explicitly broken by quantum corrections, the massive but light Higgs and the longitudinal weak bosons remain close enough to the critical point that the diboson resonances likely carry this imprint of their origin. Whether these resonances are light enough to be seen at the LHC or a successor collider, we do not know but, of course, searches for them continue, as they should.
For their 2HDM, LP calculated the one-loop effective potential V 1 and, following GW, extremized it along the ray (13). The nontrivial extremal conditions are [14] :
Here, we are using the fact that these conditions lead to a deeper minimum V 0β + V 1β < V 0β = V 0 (0) + V 1 (0) = 0, so that, at the minimum, a particular value v of φ is picked out. This is the vev of EW symmetry breaking, v = 246 GeV, and the vevs of Φ 1 , Φ 2 are
The angle β can be chosen to be in the first quadrant so that v 1 , v 2 are real and non-negative [20] . Since v = 0 explicitly breaks scale invariance, all masses and other dimensionful quantities are proportional to the appropriate power of it. The one-loop functions ∆ t 1,2 are given by
where
Here, Λ GW is the renormalization scale at which Gildener and Weinberg's one-loop potential has a nontrivial stationary point (and from which Eq. (9) and Eq. (34) below follow). Of course, physical quantities do not depend upon it.
Next, LP determined the one-loop-corrected mass matrices of the scalars. For the CP-odd and charged Higgs bosons, the corrections are just the oneloop extremal conditions above, so that these mass matrices are given by Eqs. (17, 18) with φ = v [14] .
For the CP-even mass matrix, the explicit scale breaking φ = v gives the scalon a mass. After using Eqs. (24, the mass matrix is [14]
Here,
The CP-even mass-eigenstates are the scalon H 1 and, by convention, a heavier H 2 defined by
where β = β − δ and
It is easy to check that β = β and M The validity of first-order nondegenerate perturbation theory requires that β β so that |δ| β. 9,10 Then H 1 ∼ = H and its mass in this model is (from Eq. (9))
where, again, all the masses on the right side of this formula are obtained from zeroth-order perturbation theory, i.e., from V 0 plus gauge and Yukawa interactions, with φ = v. The way this formula is used to estimate heavy Higgs masses is to fix the left side at M H 1 = 125 GeV, thereby determining
1/4 . Then, as an example, one might fix M H ± = M A and search for H 2 ∼ = H near the mass M H determined by the formula. The sum rule is illustrated in Fig. 1 for M H 1 = 125 GeV and M H ± = M A or M H ; the mass of the other neutral scalar is plotted against M H ± . The figure shows that the mass of that scalar is very sensitive to small changes in M H ± when the latter is large. In the Appendix we compute M H 1 ,H 2 as a function of λ 3 , equivalently M 2 H , for M H ± = M A = 400 GeV. We shall see then that there can be appreciable differences between M H and the mass eigenvalue M H 2 even though M H 1 ∼ = M H and the angle δ β. Thus, the sum rule should be used with some caution in designing searches for large values of M H ± = M A/H .
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The diagonalization of M H 0 + and the comparison of our results with those of Ref. [14] are in the Appendix. Here we only mention that we find δ and δ/β = O(10 −2 ) for tan β 1/3-1.0, hence near perfect alignment, as we see next in the Higgs couplings to EW bosons and fermions.
With weak hypercharges of 1/2, the EW gauge couplings of the physical 9 Below and in Sec. 3, experimental constraints will require tan β < ∼ 1/2, so this means that δ must be small. 10 Eq. (31) shows that, for β = 0 or π/2, M 2 H 0 + still has a zero eigenvalue despite the fact that scale invariance is explicitly broken by v = v 1 = 0 or v = v 2 = 0. Eq. (33) implies that tan(2β ) = 0 in this case so that, requiring β β, they are equal and δ = 0 in these singular cases. Our numerical calculations for small positive β confirm that δ/β is always just a few percent.
11 Recall that the masses on the right in Eq. (34) are correct or very nearly so to one-loop order except, possibly, for M H .
Higgs bosons, H 1 ∼ = H(125), H 2 , A and H ± , of the LP model are given by:
The alignment of H 1 and anti-alignment of H 2 for small δ are obvious. The Yukawa couplings to mass eigenstate quarks and leptons of the physical Higgs bosons dictated by the Z 2 symmetry in Eq. (11) are given by:
Here, V is the Cabibbo-Kobayashi-Maskawa matrix and fermion masses are to be evaluated at O(300 GeV). Again the alignment of H 1 is obvious for small δ. The charged Higgs couplings in Eq. (36) contribute to b → sγ decays. Ref. [21] studied this transition and bounded M H ± > 295 GeV at the 95% CL in 2HDM with type-II couplings, i.e., in which up-quarks get their mass from Φ 2 and down-quarks from Φ 1 [22] . Their bound is for tan β ≥ 2 in such a model. The Yukawa couplings of our model are the simple variant of type-I with Φ 1 and Φ 2 interchanged. The bound then corresponds to tan β ≤ 1/2. In Sec. 3.2 we find a similar bound on tan β from a search for H ± . We briefly mention two theoretical constraints on this model considered in Ref. [14] . The first is perturbative unitarity. One of its most stringent conditions comes from requiring that the eigenvalue a + of the scattering amplitudes in Ref. [23] obeys the bound
Note that this is symmetric under c β ↔ s β . Assuming, e.g, that M H ± = M A = 400 GeV, we have a + = 0.38 for tan β = 
The second constraint comes from the oblique parameters S, T [24, 25, 26, 27, 28, 29] . We note here that the contribution to T from the Higgs scalars in this model vanishes identically when λ 4 = λ 5 [30, 31] . For this reason, we often assume M H ± = M A in the phenomenological considerations of Sec. 3. The constraints following from the S-parameter will be discussed there as well.
Experimental constraints and opportunities
In this section, we discuss constraints from precision EW measurements at LEP and searches for new charged and neutral Higgs bosons at the LHC and, finally, we summarize targets of opportunity at the LHC.
Precision Electroweak Constraints
The constraints from Z and W boson properties [3] , parameterized by S and T are independent of the choice of Yukawa couplings for the 2HDM. We follow Ref. [14] to evaluate the contributions of the new Higgses to these parameters which included the (formally) two-loop effect of vertex corrections which arise due to the potentially large quartic couplings. The general form of these corrections is [32] 
where δ H V is the vertex correction to the coupling of the vector boson V to Higgs boson H (see Ref. [14] ) and F ( ) ∆ (M 1 , M 2 ) are the bubble-graph integrals given in Ref. [33] . As noted, the Higgs contribution to T vanishes in this model when
The regions of tan β-M H ± parameter space allowed by precision EW data for the cases M H + = M A and M H + = M H are shown in Fig. 2 . The mass of the lone neutral scalar in either of these scenarios is taken from the sum rule (34); see Fig. 1 . The axes in Fig. 2 are chosen to span the parameter space technically available to the model after direct LEP searches. The lower bound of 70 GeV corresponds to the LEP search for charged Higgses [34] . The upper limit of 410 GeV is chosen to avoid the region of low M H or M A in Fig. 1 . For M H ± = M H , the shared mass must be greater than about 315 GeV to satisfy EW precision data constraints at the 1σ level, and the higher masses allow for smaller values of tan β. In the M H + = M A case, a similar region in shared mass and tan β is allowed, but there is a second region within 1σ at low common mass and tan β. In fact, nearly the entire possible mass range is allowed at the 2σ level for tan β > 0.2. We shall see below in Fig. 6 that a CMS search at 8 TeV for a charged Higgs boson decaying to tb requires tan β < ∼ 0.5 for 180 < M H ± < 500 GeV [35] . Note that all the single-Higgs production cross sections which may be efficient in the alignment limit are proportional to tan 2 β. Among heavy scalars, the most promising search is for tH ± -associated production, with H + → tb. The subprocess for this is gb(b) → tH − (tH + ). The most stringent constraint so far on this channel is from the CMS search at 8 TeV [35] . In the aligned limit, the other potentially important decay mode is H ± → W ± H or W ± A, whichever neutral Higgs is lighter. That neutral Higgs decays mainly tobb.
Direct Searches at the LHC
12 Fig. 5 shows the dependence of the branching ratio B(H + → tb) as a function of M H + and tan β. In this figure, 12 It also decays to τ + τ − with a branching ratio of O(15%). M H + = M A or M H and the other neutral scalar's mass is given by the sum rule (34) . There has been no dedicated search yet for H ± → W ± H /A. However, the final state for this decay mode, tH ± → tW ± H /A → tW ±b b, is similar to that of tH ± → ttb → tW ±b b. Therefore, we conservatively assume that it contributes with equal acceptance to the search at CMS so that the branching ratio of B(tH ± → tW ±b b) = 1. The signal rate then scales as for the single Higgs production, σ · B ∝ tan 2 β. Because CMS has reported unfolded bounds on σ · B for this final state, we are able to recast the search from its type-II 2HDM form into bounds on our type-I model. We show the constraints on tan β as a function of M H + in Fig. 6 . As did CMS, we extrapolated linearly between points at which cross section limits were reported.
Further constraints can come from searches for neutral Higgs bosons pro- duced in gluon fusion and decaying to top, bottom or tau pairs. 13 From the sum rule in Eq. (34), the heaviest H or A can be is almost 540 GeV when all other masses are ∼ 100 GeV. An ATLAS search at 8 TeV [36] for resonant production oftt has been performed only for scalars heavier than 500 GeV because of the complexity of interference effects in regions near threshold where off-shell tops become important in heavy Higgs decays. A neutral scalar mass of M H = 500 GeV corresponds to M H ± = M A = 295 GeV. In principle, such searches are sensitive to the full mass range within 1σ at lower mass and tan β in the left panel of Fig. 2 is within 2σ of Fig,2 and should not be ignored out of hand. This particular search is fairly difficult to recast because the analysis was performed primarily in terms of signal strength in a 2HDM. Using the "signal" rate quoted in auxiliary material together with the constrained signal strength leads to constraints at fixed M A = 500 GeV of σ · B < 0.32-1.69 pb, corresponding to tan β < 0.62-1.02 in our model. For M H = 500 GeV, the limits are σ · B < 0.085-0.40 pb, corresponding to tan β < 0.59 − 0.91. Choosing even the smallest of these bounds on tan β, this search does not reach the 1σ region at low M H ± = M A in Fig. 2 . A search at 13 TeV for production of a neutral scalar in association with ā bb pair and decaying to anotherbb pair in the mass range 300-1300 GeV has been carried out by CMS [38] . It is not appreciably sensitive to these models, as the bottom Yukawa coupling is not enhanced as it is in the models targeted by this analysis. The largestbb-associated new Higgs production cross section in our model, independent of subsequent decay branching ratios, is already sub-femtobarn for tan β = 1 and, so, is unconstrained by this analysis.
A search for neutral Higgs production -from either gluon fusion orbbassociated production -with subsequent decays to τ + τ − has been performed at 13 TeV by ATLAS in the mass range 200-2250 GeV [37] . Gluon fusion production is more promising for our model, with cross sections as large as 20 pb for pseudoscalar production at tan β = 1. Decays to light fermions in this model are quickly overwhelmed by bosonic decays, such as A → H 2 Z, when accessible. Thus, these searches are capable of constraining only the lighter new neutral scalar in the model. In this limit, the competing decays are to third-generation quarks. The bounds on tanβ arising from these searches are shown in Fig. 7 . Due to the opening of the top quark decay channel, these searches also become ineffective for M H 2 ,A > ∼ 350 GeV.
Finally, two searches for a neutral scalar produced in association with bb and decaying to Z plus another scalar which itself decays tobb or τ + τ − has been performed at 13 TeV by CMS and ATLAS [39, 40] for models with both scalars' masses below 1 TeV. In order that there is adequate splitting between the scalars in our model, either the common scalar mass of the charged and selected neutral scalar must be greater than ∼ 400 GeV or less than ∼ 350 GeV, implying that the heavier scalar's mass is at least 400 GeV. From Fig. 3 , the greatest production cross section for pp → bbH /A for tan β = 1 is ∼ 10 fb. The CMS cross section limits (and comparable ones from ATLAS) for the lighter scalar decaying intobb are greater than this largest possible cross section. Limits for decays to τ + τ − are a few fb. Including the tau branching ratio of the H /A, this limit is also well above the cross section predicted in our model.
A search of interest to ATLAS and CMS is for resonant pair-production of H(125). Unfortunately, the amplitude for H 2 → H 1 H 1 vanishes in the alignment limit of 2HDM models of type considered here and, so, we expect that it will be a very weak signal. This is related to the vanishing of H 2 → W W and ZZ in this limit. As noted in Sec. 2, before the explicit scalebreaking potential V 1 is turned on, (H, w + , w − , z) are a degenerate quartet at the critical zero-mass point for electroweak symmetry breaking. Therefore, the three-point amplitude coupling of H = lim δ→0 H 2 to any pair of these Goldstone bosons vanishes.
Targets of opportunity at the LHC
We summarize here the likely targets of opportunity at the LHC that we discussed above and remind the reader of some unlikely ones which serve as negative tests of the model we considered. We preface this by recalling that we found that tan β < ∼ 1/2 in our variant of the LP 2HDM model and this negatively affects both certain production rates and decay branching ratios.
1.) Update the search carried out in Ref. [35] 
Conclusion
In conclusion, we have emphasized here for the first time that the low mass and apparent Standard-Model couplings to gauge bosons and fermions of H(125) can have the same symmetry origin. It is the pseudo-Goldstone boson of broken scale symmetry, the scalon of Gildener and Weinberg [12] , and this fact stabilizes its mass and its alignment. This is an important theoretical point. But there is also an important experimental one to make here. The Gildener-Weinberg scalon picture identifies a specific mass range for new, non-SM Higgs bosons, and that mass range is not far above H(125). Therefore, at the LHC, the relatively low region below about 500 GeV currently deserves as much attention as has been given to pushing the machine and the detectors to their limits. [14] . sum rule to update M H in the matrix elements of Eqs. (31) . Note that it is consistent loop-perturbation theory to use tree-level expressions to compute the nonzero, one-loop value of M H . Fig. 8 shows M H from Eq. (34), the zeroth-order mass M H , and the eigenvalues M H 1 ,H 2 (left) and the angle δ = β − β and ratio δ/β (right). In the masses plot, M H 1 /M H ∼ = 1.03 for all λ 3 ; M H 2 starts off about 10% greater than M H and increases to 70% greater when M H = M H at λ 3 ∼ = 5.04. Then M H 2 diverges upward while M H plunges to zero. The mixing angle δ (right), which measures the deviation from perfect alignment of H 1 , is just several percent and a small fraction of β; δ/β has a broad maximum of about 6% near λ 3 = 5.11. For this choice of input parameters, then, the alignment of the 125 GeV Higgs boson H is nearly perfect. to zero at (λ 3 ) f = 5.288. Here, δ π/2 = 2β, and the LP calculation is well past the point of reliable first-order perturbation theory. We cannot reproduce the level crossing seen in Fig. 9 using the M 2 H 0 + matrix elements in Eq. (31) . However, we found that we could by using the tree-level extremal conditions, 2λ 1 + λ 345 tan 2 β = 2λ 2 + λ 345 cot 2 β = 0. The result is illustrated in Fig. 10 . The level crossing in the M H 0 + eigenvalues occurs at the same place as in LP's calculation. Because it is much more rapid in our calculation than in LP's, we can pinpoint it at λ 3 = 5.04. We do not know if this is why LP obtained their level crossing. But there is no doubt that using the tree-level extremal conditions in M 2 H 0 + is not consistent loop-perturbation theory and, in fact, the results are renormalization-scale dependent.
